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21. Fonization conjecture

Experimental observation: a neutral atom can

bind at mostone or two extre electrons.

Born-Oppenheimer approximation:

Mr = (- - - )+ jen
We are interestedin the groundstate problem:

Ep =infrCr)=inf y, HNY
11411=1

We know already that Er is boundedfrom
below, i.e. ENC-CN, but we don'tknow

whether a minimizer exist. If a minimizer

for En exists then itsatisfies Schrodinger eg.

HN=E4

Heuristics:

) ifNcz +1, then the outermostelectron is

attracted by the rest ofthe system which

is ofefective change z-CN-1) >0.

Existence (ofminimizers) is likely to hold

in thatcase.



=) NC 2 +1, then the outermost electron propers
to "escape to infinity"due totheCoulomb

repulsion, the nonexistence is in favor

The first part ofthis heuristics, nemely the existence

of positive ions and
neutral atoms, was proved

by Ghislin in 1960.

th IP N<2+1, then Er has a minimizer.

On the other hand, the secondpart ofthe heuristics

orbove, namely the monetistence ofhighly

negative ions, is much more difficultand

is often refferedto as the "ionization

conjecture"

To be precise, let us devote by Nc=N.(t)
the largest number ofelections such that

Eir, has a minimizer. Then we have the

following:

eture (ionization)
Nc =z +1 witha constant C30.



Pigression: essential spectrum
MCT) - spectrum of openl i. Then

5 (T) =: Jdis, (T) N Ness (T)

↓ ↳the rest
discrete spectrum

"foils badly to
Re Disc CT) iff A is an

be invertible"
isolated eigenvalue of finite

multiplicity.

Mix, (T):=3 76MA:7sso dim Nisiras (i) <0b

Ness (T):= neMC):Fazo dim MI-s, x5]()
=203

One. body Schrdinger operators:M= -1 + V(x), V-wed

· if him V(=0 => Ness (H) =[0,01
let

~) if line V(x =0 ->ress (H) =b
(x1 +00

Differentfor many-body operators. Ho

Rat (Hurziker - ven Winter - This (in)

Jess (UN) = [Er,n
As a consequence of the HVE theorem, we



always have Ero EN-
Moreover, ifEN EN, then He has a bound state

with eigenvale Ep.

the conjecture above implies that

EN =ENc FNC Na.

It is believed that Er is not only strictly
decreasing for N1Nc bit also conver

Give
the function EN is convexin N.

We are stile for off the conitation conjecture.
there arehowever non-esymptotic bounds

thm CLieb 1984)
--

We have ↑, (t) < 27 +1 F E30.

Lemme
-

If FEMCIR'), then ReCKIf,-1f40.

Proofoflemme under stronger essamphous

fore"), 1x1 &EH'Cms
then by Candy - Sdwern *FDG=LCIRY).
Let g(x) =1)f(x). We compute:

Re If,-fz =

-Renee er =



= Res at leastinges(ax=grcet
- I! (84) ige +gg)

=Se (g) de =

IR3

= -SIgax20
In> e

- k58

⑳of ofAm:
Assume

Hry-Ent has a solution.

Multiplying the equation withIp! we have

0 =((wly, (Hr-Ew)y) =< 1Arly, A -Ew)

++ 4,6-zt)
IO by komme

the openlor Hr, does not depend on to thus the first

term is also non-magline. Judead:

CIA) 4, CHiEr(43, =J Wal S NEN (Aw, Ew)44,...al
IR3 1232-1)

2) An SLEN,-Er) IYK ?0



thus the third term has to be compositive.

0 ?(y,( - z +Zricmalt) =
=4i -z=

i=j

=4y,(- z +(i
Using the triangle inequality Kilby (-5) andthe

Rod thatthere are NINY farms in the son, we get
I

I

~
This inequality is strictalmost everywhere

= 07 - z +E
E

Remark
-

the inequality from thelemme can be stated es

(-x)(x) +(x)(- x) =0 a(2(n2))

Interesting generalization:

1=1* k1 +IP/E1.0 on LC

for [2, 3] e[0,2] and eth= d.

⑤.



the methodof "multiplying the equation by tel"is

called the Bengurir-licb argument. It is nowadays
a steward technique in the emolysis ofLaubmb

systems.
Below we present two results based on this method

Thm (Nom 2012)
-
-

We have N,<E) < 1,22 z +37.
E

the proofis based on a multiplication of the

equation by (xp1?

In 2013, Lenzmenn and Lewin proved a stronger

version of the nonexistence, where the essence of
not only the ground state but also all eigenfunctions
is concerned.

- If NI b2+1, then he has no engenvolve
E

Jolea ofProf: 0 =L4, cd, A] th

for an operator A =i[x, f(x)], f4=k.

this is related to time-dependent methods es
-it

o C4+, At Yo for += e 4. The te

above motivates a stronger conjecture
day 7 Chost fr N3ZAC Ho has no eigenvalues.


